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The article is devoted to tiie study of non-autonomous Navier-Stokes equa- 
tions. First, the authors have proved that such systems admit compact global 
attractors. This problem is formulated and solved in the terms of general 
non-autonomous dynamical systems. Second, they have obtained conditions 
of convergence of non-autonomous Navier-Stokes equations. Third, a criterion 
for the existence of almost periodic (quasi periodic, almost automorphic, recur- 
rent, pseudo recurrent) solutions of non-autonomous Navier-Stokes equations 
is given. Finally, the authors have derived a global averaging principle for 
non-autonomous Navier-Stokes equations. 



1. Introduction 
We consider the two-dimensional Navier-Stokes system 

2 

u' + q(t) ^ UidiU — i/Au — Vp + (j){t) 

i=l 

(1) div u = 0, u\qd = 0, 

where D is an open bounded set with boundary dD e . This equation can be 
written in the following form 

(2) u' + Au + B{t){u,u) ^ f{t) 

on the corresponding Sobolev's space i?, where ~A is a Stokes operator, B{t) is a 
bilinear form satisfying the identity 

(3) Re{B{t){u,v),w) = ~Re{B{t){u,w),u) 
for all t e R and u,v,w € E, and / is forcing term. 

In the work , ^31 1 CZl i CHI there is studied a non-stationary equation ||2J), when 
/ is a function of time t € M. It is shown that the equation with compact / (in 
particularly, almost periodic) admits a compact global attractor and also for small 
nonlinear (bilinear) term it was proved the existence a unique almost periodic (quasi 
periodic, periodic) solution of equation |(2J if the forcing term / is almost periodic 
(quasi periodic, periodic). 
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The aim of the present article is to study the equation |5J in the case, when the 
the bilinear form B, and the function / are non-stationary. The conditions under 
which a non-stationary equation of type |(2Jl admits a compact global attractor are 
indicated. 

The theorem of " partial" averaging on finite interval for ordinary differential equa- 
tions it was proved in thew work The works JSIjE] and jJHI are devoted to 
generalization of method of averaging for dissipative partial differential equations. 
We prove the theorem of "partial" averaging for non-autonomous Navier-Stokes 
equation Q (i.e. the bilinear form and forcing term are non-stationaries). 

Our paper is organized as follows: 

In Section 2 we introduce a class of non-autonomous Navier-Stokes equations and 
establish its dissipativity fTheorem l2.8(l . 

In Section 3 we prove that non- autonomous Navier-Stokes equations admit a com- 
pact global attractor f Theorem 13. 8|1 . 

Section 4 is devoted to study of the problem of existence of almost periodic (quasi 
periodic, recurrent, pseudo recurrent) solutions of non- autonomous Navier-Stokes 
equations fCorollaries l4.20|l and we give the conditions of convergence of this equa- 
tions fTheorem I4.17|) . 

In Section 5 we prove the uniform averaging principle for the non-autonomous 
Navier-Stokes equations on the finite segment fTheorem 15. 2|) . 

Section 6 is devoted to prove the global averaging principle for non- autonomous 
Navier-Stokes equations on the semi-axis fTheorems 16. 116 . 51 and I^T|) . 



2. Non-autonomous Navier-Stokes equations. 

Some results from the theory of semigroups of linear operators jT^ and PDEs jJT] , 
are collected below. 

A closed operator A with domain D{A) that is dense in a Banach space X is called 
a sectorial operator if for some a G K and G (0, ^) the sector 

(4) Sa,^:^{XeC,n>\arg{\-a)\>ip} 
is contained in the resolvent set and for A G Sa.tp 

(5) \\iXI-A)-^x-,x< ' 

|A — a| + 1 

For a sectorial operator A the analytic semigroup of linear bounded operators in X 
is defined and denoted by e~^*, t > 0. 

Let A he a sectorial operator with Recr{A) > 0. For a G (0, 1) we define fractional 
powers of A as follows: 

A" := (A-")-\ where A"" := — - / e-^e-'^^dt. 

r(a) Jo 
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The corresponding domains D{A") are Banach spaces with norm given by 

I • U :^ I • = • |. 

Theorem 2.1. The following estimates are valid: 

(i) 

(6) l|e-^*||x^x < Ce"'^*, t > 0, 
(ii) 

(7) We'^'Wx^x <Cc.t-'='e~^\ t > 0. 

Let ri be a compact metric space, M = (— oo, +oo), {il, M, a) be a dynamical system 
on fi, f be a real or complex Hilbert space, L{£) be the space of all linear forms on 
£, L'^{£) be the space of all bilinear continuous forms B : £ x £ ^ T and C(S1, W) 
be a space of all continuous functions f : fl ^ W ( 14^ is some metric space), 
endowed with the topology of uniform convergence. Let us consider the equation 

(8) u' + Au + B{u;t){u,u) = f{ujt), 

{u E where ujt := a{t,uj),B e C(il, L^(f )), / e C{n,£) and A is a linear 
operator. 

Below we will use some notions, denotations and results from ^H]- Let Hilbert 
spaces E, F, X satisfy E C F; E,F,Xc£, each embedding being dense and 
continuous. 

We further suppose that the linear operator A is densely defined in £ and such that 
the linear equation 

(9) u' + Au = 
generates the co-semigroup of linear bounded operators 

which for t > can be extended to the linear bounded operators from F to E 
satisfying the following estimates 

(10) ||e-^*|U^£<i^e-'^*, 

(11) |le-^*||i.^£; < ift-^^e-"*, 0<ai<l, 

(12) Pe-^*|lF^E < ift-"^e-"*, < a2 < 2. 

We also suppose that the following condition is satisfied 

(13) Ae^* = e^'A, 

in the sense of L{F, E) := {A : F E \A is linear and bounded } equipped with 
the operational norm. 

Bilinear form B. Denote by L'^{E,F) the space of all bilinear bounded form B : 
E X E ^ F with the norm 

ll^ll ■.= svip{\B{u,v)\F : |«| < l,|f| < 1}. 
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Let C{fl, L'^{E, F)) be a space of all continuous mappings B : fl ^ L'^{E, F) and 

Cb ■■^snp{\B{uj){u,v)\F : Luen, |u| < 1, < 1}, 

then the mapping F : x E ^ F {F{u!,u) :— B{llj){u,u)) satisfies the following 
inequality 

(14) \B{ll>){ui,ui) - B{uj){u2,U2)\f < Cb{\ui\e + \u2\e)\ui - U2\e 
for all ui,U2 G E. 

From the inequality follows that on every ball B[0, R] :— {u & E : \u\ < R} 
we have 

(15) \B{uj){ui,ui) - B{uj){u2,U2)\f < 2CbR\ui-U2\e 
for all ui, U2 G E. 

Remark 2.2. The space of all the bilinear form C{fl, L'^{E, F)) is a Banach space 
with the norm \\B\\ :— Cb- 

Function /. The external force f : fl ^ X is continuous, i.e. f ^ C{fl, X). 

Operators e^"^*. The operators e""^* {t > 0) can be extended to the linear bounded 
operators from X to E satisfying the estimates 

(16) \\e'^*\\x^E < Kt-^'e-^\ < /3i < 1, 

(17) \\Ae-^'\\x^E < Kt-P-e-''\ < /32 < 2, 
and the equation H13() . this time in the sense of L{X^ E) . 
We suppose that the following conditions are fulfilled: 

(i) there exists a > such that 

(18) Re{Au,u) > a\u\^ 
for all u ^ E, where | • | is a norm in E ; 

(ii) 

(19) Re{B{uj){u, v),w) ^ -Re{B{uj){u, w),v) 
for every u,v,w d E and G 51 . 

Remark 2.3. a. It follows from l\19\} that 

(20) Re{B{Lo)iu,v),v)) =0 
for every u,v ^ E and oj ^ fl. 

b. 

(21) \B{uj){u,v)\f <Cb\u\e\v\e 

for all u,v ^ E and to ^ ^l, where Cb = svl'p{\B{ijj){u,v)\f : G 17, u,v £ 
E, \u\e < 1, and \v\e < 1}- 
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The equation (jHJ with conditions H18(l and (|19|l is caUed a non-autonomous Navier- 
Stokes equation. We wiU consider the mild solutions of the equation i.e. u S 
C([0, T], E) and satisfy the following integral equation 

(22) u{t)^e-'^'x+ f e-'^^'-''>i~B{ujs){u{s),u{s)) + f{Lus))ds. 

Jq 

Theorem 2.4. Let xq ^ E, r > and the conditions and lj<S)) are 

fulfilled, then there exist positive numbers 6 — S{xo,r) and T — T{xo,r) such 
that the equation \2^) admits a unique solution Lp{t,x,uj) (x £ B[xo,S] = {x G 
E I jcc — xol l£S}) defined on the interval [0,T] with the conditions: 93(0, a;, a;) = x, 
\ip{t,x,Lu) — xo\ < r for all t G [0,r] and the mapping ip : [0,T] x B[xo,S] x Q 
E {{t,x,Lu) ip{t,x,Lu)) is continuous. 



Proof. Let xq £ E, r > 0, d > and T > 0. We consider a space Cxo,r,5,T of all 
continuous functions ip : [0,T] x B[xo, S]xQ —^ B[xo,r] equipped with the distance 

d{ipi,ijj2) sup{\^pi(t,x,uj) - Tjj{t,x,LLi)\E ■■ <t <T,x e B[xo,S],uj eQ} 
is a complete metric space. 

We define the operator <i> acting onto Cxo,r,s,T by the equality 
{<i>^j){t,x,uj) = e-'^*x+ f e-'^^*-'^{-B{ujs)('tlj{s,x,uj),ij{s,x,uj)) + f{ujs))ds. 



There exist — 5i{xo,r) > and Ti — Ti{xo,r) > such that ^Cxo,r,s,T C 
Cxo,r,5,T for aU 5 £ (0, Si] and T £ (0, Ti]. In fact, 

\{'Pip){t,x,Lu) - xo\e < \e^^*x - xo\e + 

e-^^'-''^BiiJs)Ws,x,uj),i>is,x,u;)))ds\E + \ / e-^'^'-'^ fiu;s)ds\E < 







m 



(^,r)+ / i^e-"(*-^)(t-s)-"i|V'(s,a:,c^)||ds + 



Ke~-(t^'\t - sy^' \\f\\ds < m{S,T) + K{\xo\e + rf^^ 
1 - ai 

+K\\f\\^— :=di(xo,r,<5,T)^0 
1 - Pi 

as S + T ^ 0, where m{S,T) sup{|e-*^a; - xq\e ■ t £ [0,T],x £ B[xo,r]) 
and 11/11 := sup{|/(a;)|js: : uj £ il}. Thus there exist 61 = 6i{xo,r) > and 
Ti ^ Ti(xo, r) > such that di{xo,r, S,T) <r for aU S £ (0, Si] and T £ (0, Ti]. 

Let now ■0ij'02 £ Cxo,r,s.T, then 

|($Vi)(t,a;,c^))-($V2)(t,a;,w))|B = 

[B{ujs){tlji{s,x,u),tlJi{s,x,uj)) - B{ujs){ij2{s,x,uj),ip2is,x,uj))]\E < 

2CBi\xo\E + r)Tdi^i,^P2) 

and, consequently, (i(<i>i/'i, $^2) < L{xo, r,T)d{ipi,ip2), where L{xo,r,T) = 2Cb{\xo\ + 
r)T ^ as T ^ 0. Thus there exists T2 = T2{xo, r) > such that L{xo, r,T) <1 for 
allTG (0, T2]. Denote by (5(a;o, r) := Si{xo,r) aiidT{xo,r) := min(Ti{xo,r),T2{xo,r)), 
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then the mappmg $ : CxQ,r,s.T ~^ CxQ,r,s.T is a contraction and, consequently, there 
exists a unique function Lp G Cxa,r,s,T satisfying the equation 1)22(1 on the interval 
[0,T]. The theorem is proved. □ 



Remark 2.5. The theorem \2.4\ is true and for the equation 

u + Au — J-{ujt, u) 
if the continuous function J- : x E F satisfies the following conditions: 

(i) 

snp{\J'{uj,0)\E ■■ Loeil} <oo 
(fl , generally speaking, is not compact); 
(ii) F is locally Lipschitz, i.e. for every r > there exists L{r) > such that 

\T{uj, ui) - T{uj, U2)\f < L{r)\ui - U2\e 

for all Ui,U2 G E with condition: \ui\E ^ r {i — 1,2). 

Theorem 2.6. Let JC be a family of solutions of equation \2}^) satisfying the fol- 
lowing condition: there exists a positive constant M such that \x{t)\xi{^A) ^ -^^ for 
all t G M-i- (|a;|x)(A) '■— I^^^Ib)- U there exists Cs > such that 

\B{lo){u,v)\f < Cb\u\t)(a)\v\v(A) 

for all u, u G V{A) , then this family of functions is uniform equicontinuous on 
M+, i.e. for every e > there exists 5{e) > such that |ii — ^2! < 5 implies 
\x{ti) — x{t2)\ < s for all ti,t2 S K+ and a; G /C. 

Proof. Let -0 G /C and x :— '(/'(O), then ip{t) = (^(i, x, uj) for all t G IR+ and we have 
\ip{t,x,uj)-x\E < le'^^^x - x\e + \ [ e-'^'^*~''^-B{Lus){ip{s,x,uj),^{s,x,Lu)) + 



fitos))ds\E< / e~'''s'"'\x\j,^A)ds+ / e-^%t - s)-'''Cb\ip{s,x,co)\l(^A)ds + 
Jo Jo 

(23) r e-''(*-^)(i - s)-^'^ WfWds < + CbM^P^ + \\f\\p^- 

Jo 1- ai 1 - ai 1 - Pi 

From H23[l we obtain 

snp{\ip{t,x,u!) - x\e ■■ G ri} ^ 

as t — > and, consequently, 

\ip{t2,X,Uj) - (p{ti,X,Uj)\E = |v(i2 - ti,(p(ti,X,U!),U!ti) - ip{ti,X,Uj)\E < 

sup{\ip{t2 -ti,x,uj) - x\e ■■ |a;|i5(A), w G fi} ^ 
as t2 — ti ^ 0. The theorem is proved. □ 

Example 2.7. Navier- Stokes equations. We consider the two-dimensional Navier- 
Stokes .system 

2 

(24) u' + q{t) ^ UidiU = lyAu - Vp + (j){t) 

div u = 0, u\dD — 0, 
where D is an open bounded set with smooth boundary dD G . 
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The functional setting of the problem is well known j2() | .|28 j . We denote by H and 
V the closures of the linear space {u G C^{D)'^, div u = 0} inL^{D)^ and Hq{D)^ , 
respectively. Denote by P the corresponding orthogonal projection P : L2{D)^ — > H . 
We further set 

2 

A:= -lyPA, B{t){u,v) := q{t)P{J2^^^,v). 

1=1 

The Stokes operator A is self-adjoint positive with domain 'T>{A) dense in H . The 
inverse operator is compact. We define the Hilbert spaces 27(A"), a G (0, 1] as the 
domains of the powers of A in the standard way. Furthermore, V := T>{A^/'^), and 

l"lx)(yll/2) = |Vu|. 

Applying P we write \24}^ as the evolution equation of the following form 

(25) u' + Au + B{t){u, u) = T{t), T{t) := Pcj^it). 

We suppose that T G C{M.,H) {X ^ H) and B G C{m.,L^{H,V{A-^)) {F = 
V{A-^)). Denote by Y := C(]R, H) x C{R, L'^{H, V{A-^)) and {Y, K, a) a dynamical 
system of translations (Bebutov's dynamical system, see for example, E3|;I23] (^i^-d 
Let n := H{B,T) = {{Br,Tr)\ r G R}, where Br(t) := B{t + T) ( respectively 
^rit) := J-{t + r)) for all t G K, by bar we denote a closure in the compact-open 
topology and (r2,R, cr) be a dynamical system of translations on D,. 

Along with the equation 1^25]) we consider its H-class 

(26) u' + Au + B{t){u,u) = T{t), 

where {B,T) G H{B,T). Let B : Q L^{H,V{A-^)) (respectively f : n ^ H) be 
a mapping defined by equality 

Bioj) = B{B,:F) B{0) {f{u;) = f{B,T) ^(0)), 

where u) — {B,J-) G O., then the equation 1^25]) and its H-class can be written in the 
form Ifnp . 

We now set in the notation above E = D{A^/'^), X = H, F = D{A^^) and see that 
and ^B^-\T1^ are valid with + (3i ^ 1/2, (i^ ^ 3/2. 

We note that from the conditions H19|l - H21|) it follows that 

(27) \B{uj){xi,Xi) - B{u){x2,X2)\f < CBi\xi\E \x2\e)\xi - x^U 
for all xi, X2 G E and uj E 

According to Theorem 12.41 through every point x E H passes a unique solution 
ip{t,x,ijo) of equation JHJ at the initial moment t — 0. And this solution is defined 
on some interval [Q,t(x^^)). Let us note, that 

w'{t) = 2Re{ip'{t, X, u}),ip{t, X, uo)) ^ 2Re{A{uut)Lp{t, x, uj),(p{t, x, uj)) + 
('281 2i?e(B(w<)((/3(t, x, uj), ip{t, x, w)), (p{t, x, y)) + 2Re{f{ujt),(p{t, x, uj)) 

^ ' ^2Re{A{ujt)(fi{t,x,uj),Lp{t,x,uj)) -\-2Re{f{Ljt),f{t,x,uj)) 

< -2a\ipit,x,Lu)\l + 2\\f\Mt,x,Lu)\E, 

where ||/|| := max{|/(u;)|x : w G il} and w{t) = \(p{t, a;,a;)||;. Then 
(29) w' <-2aw + 2\\f\\w^ 
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and consequently 

(30) w{t) < v{t) 

for all t G [0, i(2:.(^)), where v(t) is an upper solution of equation 

(31) v' = -2av + 2\\f\\v^, 
satisfying condition i;(0) = w{Q) — Thus 

(32) v{t) = [i\x\E - M)e-"* + M]2 

a a 

and consequently 

(33) |(p(t,:i;,,^)|^ < (|a;|^-M)e-"t + M 

a a 

for all t e [0,t(^x,uj))- It follows from the inequality H29|l that solution (fi{t,x,uj) is 
bounded and therefore it may be prolonged on R_|_ = [0, +oo). 

Thus we have proved the following theorem. 

Theorem 2.8. Let the conditions ifiij^j) and 1^19}) are fulfilled. Then the following 
statements hold: 

(i) Every solution ip{t,x,Lu) of non- autonomous Navier-Stokes equation ^ is 
bounded and therefore it may be prolonged on R_|_ . 

(ii) 

(34) \^{t,x,Lo)\E<Ci\x\E), 

for all t > 0, u! (£ fl and x d E, where C{r) — r if r > r^ := and 
C{r) = ro ifr< tq; 

(iii) 

(35) limsupsup{l<p(t,x,a;)|_E : \x\e < r,uj ^ ft} < -^-^^ 

for every r > 0. 
Lemma 2.9. Under the conditions of Theorem \2.Sl we have 

(36) / \v[T,x,u:)\ldT<^ + -l\\f\\:=M{r) 
for all t > and r > rg. 

Proof. From the equality (|29|) after integration in t between t and t + I we obtain 

i-t+i 

(37) 2a \ipiT,x,io)\ldT<\ipit,x,u;)\l + 2rl\\f\\ 
and , consequently, 

rt+l 2 

(38) / \^{r,x,cu)\%dT + -l\\f\\ M{r). 

la a 

□ 
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Lemma 2.10. / |29l Ch.3]j (The Uniform Gronwall Lemma). Let h, y, he three 
positive locally integrahle functions on \tQ,oo[ such that y' is locally integrable on 
]fo,oo[, and which satisfy 

y'<9y + hfort> to, 

rt + l nt + l nt + l 

g{s)ds < fli, / h{s)ds < 02, / y{s)ds < 03 for t > to, 



where I, ai, 02,03, are positive constants. Then 

y{t + l) < (y + a2)e"' V t > to- 



Theorem 2.11. Under the conditions of Theorem ] lii. Hi if 

(39) \(B{cj){u,v),w)\ < C\u\'^^\Au\'^^\v\,/2\w\ 

(40) Vug V{A), V e D{A^/^), w £ X, 
then 

(41) \(f{t,x,uj)\T,^A) < K(r) y\x\ <r {r> ro), 
where K{r) is some positive constant depending only on r. 

Proof. Since 

(42) {Atp{t,x,uj),ip{t,x,uj)) = ^■^\ip{t,x,uj)\l; 
by taking the scalar product of ^ with Au we find 

^yl'^(^>2:,tj)|| + \Atp{t,x,Lu)\% + 

(43) {B{^{t, X, uj), <f{t, X, Lu)),A(f{t, X, uj)) = (/(t^t), A^{t, x, to)). 
Taking into account the inequality 

(44) \{f{cot),A^it,x,Lu))\ < \f{cut)\E\Aipit,x,uj)\E < ^\A^{t,x,Lo)\^ + \\ff 
and using (|42|) and the Young inequality we obtain 

I {B{uj){^p{t, X, uj), ip{t, X, uj)),A(f{t, X, uj)) I < 

(45) ci\^{t,x,uj)\^^^y{t,x,uj)\\\A^{t,x,uj)\''/^ < 

^\A^{t,x,Lj)\^ + c[\(p{t,x,uj)\^y{t,x,^)\\\ 

Hence 

(46) ~Mt,x,u;)r + \A^{t,x,u;)\' < Iff + l\A^{t,x,u;)\' + 
c[\ip{t,x,uj)\'^\\ip{t,x,uj)\\'^. 

From this inequality according to Gronwal lemma we can prove that \'p{t, x, uj)\d{a) 
is uniformly (w.r.t. x and uj) bounded on interval [0, Z]. Applying the uniform 
Gronwal lemma with g, h, y replaced by 

(47) c[\^{t,x,u;)\'y{t,x,u;)\W ||/f , y{t,x,u;)\\' 

we obtain that |j(p(t, x, cj) |p is bounded on [^,oo[ and, consequently, it is bounded 
on [0, oo[ uniformly w.r.t. [|a;|| < r and cj £ f2. The theorem is proved. □ 
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3. NON-AUTONOMOUS DISSIPATIVE DYNAMICAL SYSTEMS AND THEIR 

ATTRACTORS. 

Let il and W be two metric spaces, (51,R, cr) be a dynamical system on fi. Let 
us consider a continuous mapping ip : x fl x W ^ W satisfying the following 
conditions: 

(^(0, •, uj) — idw '■p{t + T, X, uj) = (f{t, (p{t, X, oj), ujt) 
for all t,T G M+, G ri and x G W. Such mapping ( or more explicit 
(r2,M,cr))) is called [T], gl] a cocycle on (f7,R,cr) with fiber W. 

Remark 3.1. The non- autonomous Navier- Stokes equation ^ generates a cocy- 
cle if ( or more explicit {E, ip, a)) ), where p{t,x,uj) is a unique solution of 
equation ^ defined on ]R+ with the initial condition p{0, x, uj) = x. 

In fact, according to Theorems \2.4\ the mapping p : xE x D, ~> E {{t,x,Lu) 
p{t,x,uj)) is continuous and in view of uniqueness of solution p{t,x,Lo) we have 
the following identity: ip{t + r, a;,w) = ip{t,p{T,x,U!),U!T) for all t,T W^,x G E 
and LO E n, where lot := a{T,uj). 

Example 3.2. Let E he a Banach space and C(M x E, E) be a space of all con- 
tinuous functions F : R x E ^ E equipped by the compact- open topology. Let us 
consider a parameterized differential equation 

dx 

— + Ax = FiatU), x) (lo G ft) 
dt 

on a Banach space E with = C(M. x E,E), where atLO :— a{t,uj) and the linear 
operator A is densely defined in E and such that the linear equation 

w' + Am = 

generates the CQ-semigroup of linear bounded operators 

e-^*' -.E^E, p{t, x) e"^*x. 

We will define at : Q ^ fl by atLo{-, ■) = Lo{t + •, •) for each t G M and interpret 
p{t,x,uj) as mild solution of the initial value problem 

(48) —x{t)+Ax = F{(TtUj,x{t)), x{Q)^x. 

dt 

Under appropriate assumptions on F : Q x E ^ E (or even F : W xE E with 
U}(t) instead of atW in j^j)] ) ) to ensure forwards existence and uniqueness, then (p 
is a cocycle on (C(R x E,E),'R,a) with fiber E, where (C(]R x E,E),^,a) is a 
Bebutov's dynamical system (see for example j3|;[Zl; |23 | .|25 | ). 

The triplet {{X, R+, tt), (f2, M, a),h), where h : X ^ ilis a. homomorphism from the 
dynamical system {X, M+, tt) onto (fi, R, a), is called (see |3],[7]) a non-autonomous 
dynamical system. 

Let phe a. cocycle on (ft, R, a) with the fiber E. Then the mapping tt : R+ xflx E 
^ n X E defined by 

TT{t,x,uj) {p{t,x,u;),atuj) 

for all t G R+ and (x, a;)G E x {I forms a semi-group {7r(i, •, of mappings of 

X fl X E into itself, thus a semi-dynamical system on the state space X, which 
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is called a skew-product flow and the triplet ((X, M+, tt), (fi, R, cr), ft-) (where 
h :— pr2 : X — > 17) is a non-autonomous dynamical system. 

The cocycle (p over (il, R, a) with the fiber W we will define by a compact (bounded) 
dissipative one , if there is a nonempty compact K C W such that 

(49) lim sui>{P{U{t,uj)M,K)\Lu en} = 

t^-\-oc 

for any M e C{W) (respectively M e B{W)), where by C{W){ B(W)) is denoted 
a family of all compact (bounded) subsets of W, by /3 a semi-distance of Hausdorff 
and U it, u) := ipit, •, uj). 

Lemma 3.3. Let be a compact metric space and {W, ip, a)) be a cocycle 

over {fl, R, a) with the fiber W. In order to (VF, (p, (fi, R, a)) be a compact (bounded) 
dissipative, it is necessary and sufficient that the skew-product dynamical system 
(X, R+,7r) should be a compact (bounded) dissipative one . 

This assertion directly follows from the corresponding definitions (see for example 
111,0). 

By the whole trajectory of the semi-group dynamical system {X,R+,tt) (of the 
cocycle (VF, (/?, ($7, R, cr)) over (r2,R, cr) with the fiber W), which passes through 
the point x € X{{u,y) e W x ft) we will call the continuous mapping 7 : R ^ 
X{i/ : R W) which satisfies the conditions : 7(0) = x (i^(0) — u) and 7r*7(r) — 
7(t + r) {i^{t + r) = ip{t, v{t), uot)) for aU t £ R+ and r £ R. If M C W, then we 
denote by 

t>0 T>t 

for every a; G fi, where lo^'^ := a{—T,Lu). 

Theorem 3.4. f]Sl)|Z|/' Let Vl be a compact metric space, (W, 1^9, (57, R, cr)) be a 
compactly (boundedly) dissipative cocycle and K be a nonempty compact, arising in 
the equality \49^ , then the following assertions hold: 

(i) :~ ^^^{K) ^ 0, is compact, 1^ ^ K and 

lim P{U{t,uj-^)K,I^) = 

t — > + oo 

for every G £7; 

(ii) U{t, uj)I^ = Ii^t for all Lo e fl and t G R+; 
(iii) 

lim l3{U{t,uj'^)M,I^) = 

t — >+oc 

for all M e C{W) (respectively M e B{X) ) and w e 17 ; 

(iv) 

lim sup{/3(t/(t, w"*) A/, /) |w e 17} = 

for any M G C{W) (respectively M G B{X) ) , where I = U{/^| lj G 17}; 

(v) luj '■= priJu) for all G 17, where J is a Levinson's center of (X, R+,7r), 
and, hence, I = priJ ; 

(vi) the set I is compact; 
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(vii) the set I is connected if the spaces W and Y are connected. 

The family of compact sets {/aj|w G ft} {1^ C W is nonempty compact for every 
a; e fi) is called (see, for example, ^ or ^) the compact global attractor of cocycle 
ip if the following conditions are fulfilled: 

(i) The set / := i-j G il} is prccompact. 

(ii) {Ii^\ Lu E Q} is invariant w.r.t. the cocycle tp, i.e. ip(t,uj,I^) = I^^^ for 
all t G ]R+ and w G O. 

(iii) The equality lim sup f3{ip{t, K,uj), T) — holds for every bounded set 

K CW. 

Corollary 3.5. Under the conditions of Theorem \'S.Ji\ the cocycle Lp admits a com- 
pact global attractor. 

Dynamical system (X, R_|_,7r) is called asymptotically compact (see ^nd 
also 0,0) if for any positive invariant bounded set ^ C X there is a compact 
Ka C X such that 

(50) lim /?(7r*^, Ka) = 0. 

t — y-\-oc 

Dynamical system (X, ]R_|_ , tt) is called compact (completely continuous) if for every 
bounded set ^ C X there exists a positive number I = 1{A) such that the set n^A 
will be precompact. 

It is easy to verify (see for example Uj) that every compact dynamical system 
(X, IR_|-,7r) is asymptotically compact. 

The cocycle (W, (p, (F, R, a)) is called compact (asymptotically compact) if the skew- 
product dynamical system {X, M+, tt) (X = x F, tt = ((/j, cr)) is compact (respec- 
tively asymptotic compact). 

Let (X, M+,7r) be compact dissipative and if be a compact set, which attracts all 
compact subsets of X . Suppose 

(51) J^n{K), 

where fi(if) = nt>o Ur>t t^'^K. The set J defined by the equality H51|l does not 
depend on selection of the attractor K, and is characterized only by the properties 
of the dynamical system {X, R-|_ , tt) itself. The set J is called the Levinson's center 
of the compact dissipative system (X, R+,7r). 

Theorem 3.6. (1S],[7]^ Let {E, fl, h) be a local-trivial Banach fibering, ((£',R+, tt), 
(ri, R, (t), ft.) be a non- autonomous dynamical system and the dynamical system 
(i?, R_i_,7r) be completely continuous. Then next conditions are equivalent : 

(i) there is a positive number r such that for any x X there will be t = 
t{x) > for which \xt\ < r; 

(ii) the dynamical system (i?,R+,7r) is compact dissipative and 

lim sup p{xt, J) = 

*^+°° |a:|<i? 
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for any R > 0, where J is a Levinson's center of dynamical system {E, , tt), 
that is the non- autonomous system {{E, M+, tt), {Q, M, a), h) admits a com- 
pact global attractor J. 

A dynamical system (X, M+,7r) satisfies the condition of Ladyzlienskaya (see [T^ 
and also ^ ) if for any bounded set A C X there is a compact Ka C X such that 
the equality ifSUIl holds. 

Theorem 3.7. (lS],|7|y) Let ((S, R+,7r), {n,M.,a),h) be a non- autonomous dynam- 
ical system and let {E, , tt) satisfy the condition of Ladyzhenskaya. Then the 
conditions 1. and 2. of the theorem XS.h^ are equivalent. 

Applying general theorems about non-autonomous dissipative systems to non-autonomous 
system constructed in the example 13. 21 we will obtain series of facts concerning the 
equation ijSJi. In particular, from Theorems 12.81 and 1X71 follows the theorem 
below. 

Theorem 3.8. Let be a compact metric space, be a dynamical system 

on il and the conditions il8\) and 1^1 9\) are fulfilled. If the cocycle ip generated 
by by non- autonomous Navier-Stokes equation is asymptotically compact, then for 
every lu G Q there exists a non-empty compact and connected I^j <Z E such that the 
following conditions hold: 

(i) the set I = ^{1^ ■ G ri} is compact in E; 

(ii) I is connected if fl is connected; 
(iii) 

lim aupf3{U{t,uj-*)M,I) = 

for any bounded set M C E, where U{t,uj) — ip{t, •, w) and (3 is the semi- 
distance of Hausdorff; 

(iv) U(t, uj)Iuj — lujt for all t £ K+ and w £ Vt; 

(v) 1^^ consists of those and only those points x ^ E through which passes the 
solution of the equation 0) bounded on R. 

Theorem 3.9. Under conditions of Theorem \S.Sl 

\^{t,x,Lo)\<Ml 
a 

for allt gM., o; e r2 and x ^ I^^, where ip is a cocycle, generated by non- autonomous 
Navier-Stokes equation. 

Proof. According to Theorem 13 .41 the set J = x {tj} : G 17} is a Levinson's 

center of dynamical system {X, R-f , tt) and according to (|51|l for any point (uo, yo) = 
z G J there exists t„ — > -l-oo, Un (z E and w„ e Q such that the sequence {un} is 
bounded, uo = lim '/'(in, u„, a;„) and = lim uj„tr,. From the inequality H29() 

n — >+C30 71 — *4-oo 

follows that |uo| < i-e. ip{t,x,uj) G Ii^t for all w G 11 and t > 0, hence 

Ifit, x,uj)\ < for any i G M, x G and u; £ Q. The theorem is proved. □ 
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4. Almost periodic and recurrent solutions of non-autonomous 

Navier- Stokes equations 

Let T = M or M+ and {X, T, tt) be a dynamical system. 

Definition 4.1. The point x G X is called a stationary (r-periodic, r > 0,r G 
point, if xt — X (xT = x respectively) for all t G T, where xt := 7r(t,x). 

Definition 4.2. The number t G T is called e > shift (almost period) of point 
X £ X if p{xT, x) < e (respectively p{x{t + t), xt) < e for all t ^T). 

Definition 4.3. The point x ^ X is called almost recurrent (almost periodic) if for 
any e there exists a positive number I such that on any segment of length I, will be 
found a e shift (almost period) of point x £ X. 

Definition 4.4. // a point x £ X is almost recurrent and the set H{x) = {xt | i G T} 
is compact, then x is called recurrent. 

Definition 4.5. An autonomous dynamical system (r2,T, cr) is said to be pseudo 
recurrent if the following conditions are fulfilled: 

a) f2 is compact; 

b) (f2,T, cr) is transitive, i.e. there exists a point loq E ^ such that = 
{woi I t G T}; 

c) every point co € ^ is stable in the sense of Poisson, i.e. 

= {{tn} I ^tn and \tn\ —> +00} ^ 0. 

Definition 4.6. A point x £ X is said to be pseudo recurrent is the dynamical 
system {H(x),T,tt) is pseudo recurrent. 

Lemma 4.7. /]10) ) Let ((X, Ti, tt), (f2, T2, cr), /?,) be a non- autonomous dynamical 
system and the following conditions are fulfilled: 

1) (51, T2,cr) is pseudo recurrent; 

2) 7 G C{fl,X) is an invariant section of the homomorphism h : X fl, i.e. 
hipfiuj)) — to and ^{a{t, oj)) = Tr(t, ^{lo)) for all uj E and < G T2 . 

Then the autonomous dynamical system (7(f2), T2, tt) is pseudo recurrent. 
Let T = § and {X, §, tt) be a bi-sided dynamical system. 

Definition 4.8. A recurrent point x £ X is called almost automorphic (see, for 
example, |27j ) if whenever ta is a net with xt^ — * a;*, then x^{~-ta) x too. 

Definition 4.9. A motion ip{t,uo,yo) f*^o G E and yo £ Y ) of the cocycle ip is 
called recurrent (almost periodic, almost automorphic, quasi-periodic, periodic), if 
the point xq := (wo,?/o) € X := E x Y is a recurrent (almost periodic, almost 
automorphic, quasi-periodic, periodic) point of the skew-product dynamical system 
iX,S+,7r) (TT:={^,a)). 

Remark 4.10. We note (see, for example, |2I], and [23 Ely* that if y € Y 
is a stationary (respectively T-periodic, almost periodic, quasi periodic, recurrent) 
point of the dynamical system (Y, T2, a) and h :Y X is a homomorphism of the 
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dynamical system {Y,T2,(j) onto (X, Ti,7r), then the point x h-iy) is a station- 
ary (respectively t -periodic, almost periodic, quasi periodic, recurrent) point of the 
system {X, Ti, tt). 

Lemma 4.11. If y E Y is an almost automorphic point of the dynamical system 
(Y, §, a) and h : Y ^ X is a homomorphism of the dynamical system {Y, §, cr) onto 
(X, §+,7r), then the point x — h(y) is an almost automorphic point of the system 
{X,§+,7r). 

Proof. Let t^ be a net with xt^ — > x^,, then we have yt^ y^ (y := h{x) and 
:= h{x^)). Since the point y is almost automorphic, then also y*{—ta) y and, 
consequently, x^{—ta) = h(y,,{—ta)) — > h[y) = x. The lemma is proved. □ 

Remark 4.12. Let X := E x Y and tt := (<^, tr). Then mapping h : Y X is 
a homomorphism of the dynamical system (y, ¥2,(7) onto (X, Ti,7r) if and only if 
^{y) — {l{y)^ y) fof oil y EY , where j : Y ^ E is a continuous mapping with the 
condition that "f{yt) — ip{t, jijj), y) for all y E Y and i £ T2. 

Definition 4.13. The solution Lp{t,x,uj) of non- autonomous Navier-Stokes equa- 
tion is called recurrent (respectively pseudo recurrent, almost automorphic, al- 
most periodic, quasi periodic), if the point (XjU) E H x is a recurrent (respec- 
tively pseudo recurrent, almost automorphic, almost periodic, quasi periodic) point 
of skew-product dynamical system {X, R+, tt) (X — H x fl and tt — [ip, a) ). 

Let X = H X n and tt {ip,a), then mapping /i : $7 — > X is a homomorphism 
of dynamical system (i7,R, cr) onto {X,R+,tt) if and only if h{uj) ~ {u{lu),lu) for 
all w e ri, where u : Q H is a continuous mapping with the condition that 
u{ujt) = Lp{t,u{uj),uj) for all a; e il and t G K+. 

The following affirmations hold: 

Lemma 4.14. Let fl be a compact metric space, A be a linear operator densely 
defined in E such that the equation 

x' -\- Ax ^0 

generates a CQ-semigroup {?7(i)}t>o- If the condition J^lf^) is fulfilled, then 

<exp(-ai) 

for all t G R+, where U{t) is a Cauchy's operator of equation \5^) . 

Proof. Let (p{t,x) :~ U{t)x, then according to the inequality ^] we have 

^|(p(t,x)p < -2a\p{t,x)\'' 

and, consequently, I <y9(t, x) I < exp(— Q:i)|.x| for 'aW x E H and t E IR.+ . Thus we have 
\U{t)x\ < exp(-Q:i)|x|, therefore \\U{t)\\ < exp{-at) for aU tER+. □ 

Lemma 4.15. Suppose that the condition is fulfilled. Then for every function 
f E C(fi, H) there exists a unique function 7 G C{Q, H) defined by equality 

7(^) = / U{-T)f{LUT)dT 
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such that 

(52) 7(c^i) = ^(i,7(cc;),c^) 

for every oj ^ Q, and t € M+, where ip{t,x,uj) is a solution of equation 

u' = Au + f{ujt) 

with the initial condition (/3(0, x^uj) — x and the following inequality 



l7ll< -11/11 
a 



takes place. 



Proof. The formulated statement results from Lemma 14.141 and Proposition 7.33 
from 17. □ 

Lemma 4.16. Let be a compact metric space, the cocycle ip, generated by the 
non- autonomous Navier- Stokes equation 0) and a~'^\\f\\CB < 1, then the following 
inequality 

\ip{t,xi,to)-ip{t,X2,Lo)\ < e-("-^«^)*|xi -X2I 
{xi,X2 e B[0,ro],uJ e and t G M+) 

takes place. 

Proof. Let ro := and Xi,X2 G i3[0,ro] :— {x ^ E : \x\ < rg}. According to 
Theorem 12.81 we have \(p{t,Xi,oj)\ < tq for all t > 0,cj G and i = 1,2. Denote by 
ip(t) ip(t, xi,Lu) — (p{t, X2, t^), then we obtain 

= 2Re{A,Pit),m) + ^Re{B{cot){,p{t),ip{t,X2,u;)),m) < 

-2am)\^ + 2CB\ipit,X2,iu)Mt)\^ < 

~2am)\^ + 2CB^|V(t)P = -2(a - Ce^^Mit)]^ 
a a 

and, consequently, 

|V'(i)P <e-2("-c^-^)*|V(0)p. 

Thus we have 

\^it,xi,u)-^it,X2,uj)\ < e-("^^^^)*|xi -X2I 
{xi,X2 G B[0,ro],uj G fl and t G M+) 
for all xi,X2 G B[0,rQ],uj G fl and t G M+. The Lemma is proved. □ 

I f I 

Theorem 4.17. Let := and f2 &e a compact metric space, the cocycle ip, 
generated by the non- autonomous Navier- Stokes equation 0) and ^^'^^^^ < 1. Then 
there exists a function 7 G C(r2, B[Q, rp]) smc/i t/iat.' 

a. 

(53) 7(tjt) = (p(t,7(w), w) 

/or every w G anrf t G M+, where ip(t, x, ui) is a solution of equation 0) 
with the initial condition (p{0,x,uj) — x; 
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b. 




(54) 

c. 

(55) \ip{t,x,u)--riLjt)\ < e-("-^^^'*|x-7(c^)| 

for all X G E, Lu £ and t G where \\j\\ := swp{\'y{uj)\ : uj £ fl}. 

Proof. Let F :— C{^1, B[0,ro]) {C{fl,E)) be a space all the continuous functions 
f : n ^ B[0,ro] (respectively f : Q ^ E ) equipped with the distance 

rf(/i,/2) = max{|/i(w) - /2(t^)| : uj e il} . 

Then {T,d) ( respectively {C{^1, E), d)) is a complete metric space. 

Let t e M+. We define the mapping 5* : F ^ C(fi, E) by the equality 

{S'iy)iuj) := Uit,LO-')v{uj-') 

for all (jj G il, where oj^* := a'{—t, us) and L/(t, w) (p{t, ■, ui). According to Theorem 
12.81 we have 5'*(F) C F for all t G M+. It easy to see that the family of mappings 
{S* I t G M+} possesses the following properties: 

(i) 

5'° = Idr 

and 

(ii) 

for all t,T eR+. 

Thus {S"* I t G forms a commutative semigroup with identity element. Now 
we will show that the mapping S*{t > 0) is a contraction. In fact, let 1^1,^2 G T, 
then we have 

(56) (5Vl)(w) - (5V2)(W) = Uit,LU-')l^l{LO-') ~ f/(t,W-*)l/2(w"*). 

From the lemma 11.161 and the equality (|56|l it follows that 

d{S* 1^1,8*1^2) < e-("-^-^)*d(i.i,j.2) 

for all t G and, consequently, there exists a unique common fixe point 7 G F, 
i.e. 5*7 = 7 for all t G K+. In particularly 

C/(i,c^-*)7(c^-*)=7(c^) 

for all t G IR-|_ and G fi. From this equality follows that 

-f{ujt) = U{t,uj)j{uj) = (p{t,j{uj),uj) 

for all t G M+ and lu E fl. 
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Let X £ ip(t, X, uj) be a unique solution of equation with the initial condition 
if{Q,x,uj) — X and 7 G F the function with the property IHSJ- Denote by ^p(t) :— 
ip{t, X, uj) — "({cut), then we have 

-2a\m\^ + 2CB|7M)||^(t)p < ~2a\m\^ + 

a a 
and, consequently. 

Thus we have 

\^{t,x,iu) ~-r{Lut)\ < e-("-^«^)*|x-7(w)| 
for all X £ E, u! £ and t £ M+. The theorem is proved. □ 

Corollary 4.18. Under the conditions of Theorem \4.1 7| there exists a unique func- 
tion 7 G C(il, E) such that 

(57) ^{iut) = ^{t,j{uj),uj) 
for all t £ R4- and lu £ Q. 

Proof. Let 7 G C{il,E) be a function satisfying the equality H57(l and 7 G F = 
C(fl, B[0,ro]) the function from Theorem 14.171 Since ^{ujt) = (p{t,j{u!),LLj) for all 
t £ R+ and uj £ fl, then according to the inequality 1)55(1 we have 

(58) \j{Lut) - 7(wt) I < e-("-^« |7(c^) - 7(w) | 
for all < G IR+ and u; £ il. In particularly, from H58() we obtain 

(59) |7(c.) - 7(c.)| < e-("-'^-^)*|7(c^-*) - j{u;-')\ < 

for all t £ M+ and oj £ fl, where cj^* := cr{—t, oj) and II7 — 7II max{|7(cj)— 7(ijj)| : 
u> £ f2}. Passing to the limit in the inequality ((59|l we obtain j{u!) — 7(0;) for all 

to £n. □ 

Corollary 4.19. Under the conditions of Theorem \4.17\ the equation ^ admits a 
compact global attractor {I^^ : w £ fl} and — {7(aj)} for all w G fi, where 7 G F 
is a function from Theorem \4.17\ 

Corollary 4.20. The following statements hold: 

(i) Let il be a compact minimal set containing only the periodic (respectively 
quasi periodic, almost periodic, almost automorphic, recurrent) motions, 
then under conditions of Theorem \4.1 7| the non- autonomous Navier-Stokes 
equation @) ) admits a unique periodic ( respectively quasi periodic, almost 
periodic, almost automorphic, recurrent) solution j{ujt) and every other 
solution of this equation is asymptotically periodic (respectively asymptot- 
ically quasi periodic, asymptotically almost periodic, asymptotically auto- 
morphic, asymptotically recurrent). 
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(ii) // (f2, T, a) is a pseudo recurrent dynamical system, then under conditions 
of Theorem \4-17\ the non-autonomous Navier-Stokes equation ^ admits 
a unique pseudo recurrent solution j{ujt) and every other solution of this 
equation is asymptotically pseudo recurrent. 

Proof. Let 7 S F be a function from Theorem 14.171 then according this theorem 
we have ip{t,^{Lu),uj) = j{Lot) for aU t £ K+ and w G fi and, consequently, the 
solution ip{t,"f{uj),u!) is periodic (quasi periodic, almost periodic, almost automor- 
phic, recurrent, pseudo recurrent). Let x, lo) be a arbitrary solution of equation 
(IHl, then taking into consideration the inequality (|55(l we conclude that ip{t, x, lj) is 
asymptotically periodic (asymptotically quasi periodic, asymptotically almost peri- 
odic, asymptotically almost automorphic, asymptotically recurrent, asymptotically 
pseudo recurrent). □ 



5. Uniform averaging for a finite interval 



We shall be dealing with the non- autonomous Navier-Stokes equation 

(60) u' + eAu + eB{u,u)^ef{ujt), 

where e G [0,eo]i A is linear and i? is a bilinear operator, / is a forcing term. 

Below we will use some notions, denotations and results from Let Banach 

spaces E,F,X,£ satisfy 

EcF; E,F,Xc£, 
each embedding being dense and continuous. 

We suppose that the linear equation 

(61) u ^ Au 
generates the co-semigroup of linear bounded operators 

(62) e^* : £ ^ £, 

which for t > can be extended to the linear bounded operators from F to E 
satisfying the estimates (I10ll - (|12|l . 

We also suppose that the following condition is satisfied 

(63) Ae^' = e^'A, 

in the sense of L{F, E) := {A : F ^ E \A is linear and bounded } equipped with 
the operational norm. 

Function /. The external force f : fl ^ X is continuous, i.e. / G C{fl,X). 

Operators e"^*. The operators e~"^* {t > 0) can be extended to the linear bounded 
operators from X to E satisfying the estimates ()16|l - ()17|l and the equation (j^Sl, 
this time in the sense of {X, E) . 

Existence of partial averaged. f{uj) — fo{uj) + fi{uj) (/o, /i G C{n, X)) for alluj eV, 
and the average of /i(w) is equal to 0, that is, 

(64) lim - / fi{ujT)dT = 

t^oo t . n 
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uniformly with respect to a; G fl. 

Remark 5.1. 1. The condition \64\ is fulfilled if a dynamical system [Vl,M.,a) is 
strictly ergodic, i.e. on £7 exists a unique invariant measure fi w.r.t. (r2,R, cr). 

2. According to Lemma 5. 1 from 9 the equality j6'^| ) takes place if and only if there 
exists a positive continuous on M+ function k with lim k{t) — such that 

t — ^oo 

(65) \\ f fl{LUT)dT\x < kit) 

t Jo 

for all Lo G and t £ K+. 

Along with equation (|60|l we consider also the partial averaged equation 

(66) u' + eAx + eB{u,u) = efoiiot). 

If we introduce the "slow time" r :— et [e > 0), then the equations H6()|l and H66(l 
can be written in the following way 

(67) u' + Au + B{u,u) = f{uj-) 

£ 

and 

(68) u' + Au^ B{u,u) ^ foiuj-). 

e 

We will consider the mild solutions u{t) and u{t) of the equations H67|l and ()68|l . 
i.e. u,u G C([0, T], E) and satisfy the following integral equations 

(69) u(T) = e-^^x+ r e-^^^-'\-B{u{s),u{s))+ f{Lo-))ds, 

Jo £ 

and 

(70) u{T) = e-^^x+ r e-^'-^-'\-Biuis),u{s)) + foiu;-))ds. 

Jo £ 

Denote by ^{t, x, uj, e) {(p{T, x, lj, e)) a unique solution of equation 1)69(1 (respectively 
{TDJ). According to Theorem 12.81 the cocycle (/?(•, •,•,£) ((^(-j •, •, e)), generated by 
equation (respectively (|7n|) '). has an absorbing ball i?[0, i?o] [B[Q,Rq\) in E, 
where i?o := (Rq := ■'^^). This means that for every ball B[0, R] (respectively 
B[0,R]) there exists a positive number L = L{R) (respectively L = L{R)) such 
that 

(71) U{t, Lu, e)B[0, R] C B[0, Rq] 



(72) (U{t,Lu,e)B[Q,R]CB[0,Ro]) 

for all t > L [t > L),e G [0,eo] and uj G ft, where U{t,uj,e) := (p{t,-,uj,e) ( 
U{t,uj,£) := Cp{t,-,uj,£). 

According to Theorem 12.81 the cocycle (p(-, •, •, e) {Cp{-, •,•,£)) is uniformly bounded 
for t > 0, that is, for every baU B[0,Ri] {B[0,Ri]) there exists a baU S[0,i?2] 
(S[0,i?2]) such that 

(73) U{t, uj, e)B[0, Ri] C B[0, R2] 
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(74) (c7(t,L^,£)B[0,i?i] CB[0,i?2]) 
for alH > 0, e G [0, Eq] and u) e fl. 

Theorem 5.2. Let L > be arbitrary but fixed. If (p{0,x,uj,e) = (p{Q,x,uj,e) = 
X G B[0,Ro], that is, the initial points coincide and belong to the absorbing ball of 
equation il6'<^) and the condition is fulfilled, then the following relation takes 
place 

(75) svip{\(p{t,x,uj,e) — (p{t,x,uj,e)\E '■ 0<t<L, \x\e < Ro, ^ ^} ^ 
as £ ^ 0. 

Proof. The proof below goes along the same lines as the proofs of the corresponding 
results from 1^,17] and PHI- Wesetv(i) := (p{t,x,iu,e)—i^{t,x,uj,e). Substracting 
the equation from the equation ifzHjl . we obtain 

v{t)^ [ e^'^~''^'^{-B{v{s),(p{s,x,uj,e)) - B{<f{s,x,uj,e),v{s)))ds + 
Jo 

(76) / e(*-^)^/i(a;s)ds 
Jo 

According to Theorem 12.81 \u}(t. x. oj. f.)\. \i3(t. x. uj. e)\ < ro for all t > 0, where 
To max{-ll^, ■'^^}. In view of H76I) v{t) satisfies the inequality 

\vit)\E<\ f e^'-'^^{B{v{s),^{s,x,u;,£)) + B{^{s,x,u;,£),vis)))ds\E + 
Jo 

I / e(*-^)^/i(^-)ds|£; , te [0,L]. 
Jo ^ 

By (|27|) and (|28|l we see that the first term on the right-hand side of (|77|l is less 
than 

(77) 2ro-K-CB f e-''^'-'\t - s)'''\v{s)\Eds . 

Jo 

We now show that the second term in (|77|l tends to as e uniformly w.r.t. 
t G [0, L], \x\ < Rq and w S fi. Integrating by part in s and taking into account the 
inequalities (EJ-ini, (|ISJ-l(I7|) and (gSl we find 

f e^'-'^^f,{oj-)ds\E = \e^' f fi{io-)ds+ f Ae^'-'^^ f fi{oj-)dT\Eds < 
Jo s Jo s Jo Jt e 

(78le^nix^i=;| / fi{o^-)ds\x + I \\Ae^^'-'\\x^E\ f fi{uJ-)ds\x < 
Jo £ Jo Jt £ 

Kt'-^'e-''*h{-) + f Kit - 5)i-'3^e-°(*-^)/fci(^)ds. 

£ Jo £ 
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Let a e [0, 1), V E (0, 1) and /3 e [0, 2). Since 



t°'ki{-)< sup rfci(-)+ sup rki{t)< 

£ 0<t<e" £ e"<t<L 

e°"'ki{Q) + L^kiie"-^) := ci(e) ^ as e ^ 



and 



£ Jq £ J e" £ 

1/(2-/3) /^2-/5 _ 1/(2-/3) ^ 

1/(2-/3) /r2-/3_ 1/(2-/3) ^ 

(79) ^i(O)^-^ + fc(£^-i)^ ^-^ ^ := C2{e) as e ^ 

uniformly w.r.t. t G [0, L] and G i7, then 

(80) sup I / e^'-'^"^ fi{uj-)ds\E ^ as e ^ 0. 

0<i<L Jo £ 

Thus, 

(81) \v(t)\E<C{e) + D- [ [t - sy^\v{s)\Eds 







for all t £ [0, L], where C(e) := ci(e) + +02(5) ^ as e ^ and £> := 2RoCbK. 
We now use the known inequality |16[ Ch.7]. If 

(82) u(t)<a + b[ (t- s)'^-\{s)ds, < (3 <1, 



Jo 

then 

(83) u{t) < aGpiibrm'/Pt), 

where Ga{x) is a monotone function, while r(/3) is a gamma function. 
In our case we have 

(84) \v(t)\E<C{e)G^{[brm^/^t)< 
C{e)Gf3i[bTm'^^L) d{e) ^ (/3 := 1 - ai e (0, 1]) 

as e — » uniformly w.r.t. a; G 57, a; G B[0, Rq] and t G [0, L] for every L > 0. The 
theorem is proved. □ 

6. The global averaging principle for the non-autonomous 
Navier-Stokes equations 

Let be a compact metric space, (ri,R, cr) be a dynamical system on fi, i? be a 
Banach space and {E, (p, {fl, R, a)) be a cocycle on (51, R, a) with fibre E. 

A family of nonempty compact sets { /(^ | 1^ G fi} (/a; C E) is called a local compact 
attractor (local compact forward attractor) if the followings conditions are fulfilled: 
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(i) 

is compact; 

(ii) 

for all t S M+ and w &Sl; 
(ill) there exists i?o > such that / C B{Q, Rq) := {x € E\ \x\ < Ro} and 

lim sup P{ip{t,B[0,Ro],(j),I) = 
(respectively lim sup l3{(p{t, B[0, Ro],ui), I^^t) = 0) 

Theorem 6.1. Let A be a compact metric space, E be a Banach space and ip\ (A € 
A) be a cocycle on (O, M, a) with fibre E. Suppose that the following conditions are 
fulfilled: 

(i) the cocycle (j)Xg admits a local compact forward attractor, 

(ii) the following relation takes place 

(85) mL{\) ■■=sup{\tpx{t,x,uj)-(px„{t,x,uj)\ : < t < L,lo £ n,\x\ < Rq} ^ 

as X ^ Xq for every positive number L\ 

(iii) every cocycle ip\ is asymptotically compact. 

Then the next statements are valid: 

a. there exists a positive number fi such that for all A G B[Xo,ii] := {A G 
A : p(A, Ao) < /x} the cocycle ip\ admits in B[0,Rq\ a forward attractor 
{Jo, : ugQ}; 

b. 

sup/3(/^,/^«)^0 

as A — *■ Aq. 

Proof. Let p > be an arbitrary small number such that B[I^°,p] C B[0,Ro]. We 
choose L = L{^) according to the condition 

^Xo{t,B[0,R^],u;)cB[I^°,^] 

for all cj e and t > i(|). Now we choose eq = so{L) so that m(A) < | for all 

A e B[Ao,eo]. 

Let ti := L, then we have (pxo{ti,x,u>) € B[I^^^,^] and (fix{ti,x,co) e B[I^°^^. We 
take the point Xi := ipx{ti,x,u!) as the initial point and we consider (fx{t,xi,ujti) 
on the segment [0,L], 

'P\o{t^Xi,wti); ipx{t,x-i,ujti) = (px{t,ipx{ti,x,uj),ujti) = Lpx{t + ti,x,uj). 

On this segment ipx {t, xi , Luti) and ipxg {t, xi , uoti) will diverge by the value less than 
§. Since Lpxait.xi^ujti) e B[I^ti-,f\, we get ipx{'^h,x,u) e B[I^2ti,^]- 

If we take the point X2 '■= ipx{'^ti,x,uj) as the initial one, then we see that the 
situation is similar to that occurred at the previous step. 
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Repeating this process, we arrive at a conclusion that Lp\(t^x,uj) £ -B[/^°,p] C 
-6(0, i?o) for aU t > i(f ) and G il. Since the cocycle ip\ is asymptotical compact 
then according to Theorem 13.41 and corollary 13.51 it admits a forward attractor 
{/a : w e Vt] such that := U{/^ : w g fi} C B[I^° , p] and, consequently, 
(3{I^J^") ^ as A ^ Aq. 

Below we proved the inclusion ipx{t, i3[0, Rq],uj) C B[I^'l , ^] for alH > i and u) Q fl 
and, consequently, we obtain 

(86) ^xit,B[0,Rolu;t)CB[I^o,^] 
for all t > L and lu £ CI. Taking onto consideration that 

(87) = n U Vx{T,B[0,Ro],a{-T,ou)) 

t>0 T>t 

from ^ and ^ it follows that C B[I^'>,p] for all w € f2 and A € B[Ao,£o] 
and, consequently, sup (3{I^, ^ as A ^ Aq. The theorem is proved. □ 

Remark 6.2. 1. The second condition of Theorem \6.1\ is fulfilled, for example, if 
the space E is finite-dimensional and the mapping ip : xExflxA^E, defined 
by the equality ip{t,x,uj,X) := ip\{t,x,Lu), is continuous. 

In fact, if we suppose that it is not true, then there exist Lq > 0, A^ ^ Aq, Xk (z 
B[0, Rol^ti G [0, Lq] and LOk G ^ such that 

(88) |(/3Afc(ifc,2:fc,t^fc) - ipxo(tk,Xk,uJk)\ > £o > 0. 

Since the sets i?[0, i?o],f^ and [0, Lq] are compacts, we can suppose that the se- 
quences {xk}, {tk} and {ujk} are convergent. Denote by to lim tk, xq 

k — >oo 

lim Xk and loq '.— lim tOk. Passing to limit in the equality and taking into ac- 

k — *oo k — ^oo 

count the continuity of the mapping ip we obtain > Sq. The obtained contradiction 
prove our statement. 

2. Under the conditions of Theorem \6.1\ if we suppose that the cocyle ipxa admits a 
compact global forward attractor {I^" : lo G Vl] , i.e. 

lim sup/3(</7Ao(i,S[0,i?],c^),/^t) = 

for every R > 0, then .should be naturally to hope that for the A sufficiently close to 
Aq the cocycle (p\ also will admits a compact global forward attractor {I^ : uj G Vl] 
in the small neighborhood of . Unfortunately, generally speaking, this assertion 
is not true. 

In fact, let Lpo be a cocycle (dynamical system) generated by the equation x' — —x 
and (fix be a cocycle generated by the equation x' = —x + Xx^ (A > 0). It is 
clear that the cocycle (po {(fix) admits a compact global attractor 7° = {0} {I^ — 
[— A^^/^, A^^/^]). In the small neighborhood of the attractor I^ — {0} the cocycle 
(fix ( for small X) admits a local (but not global) attractor I^ = {0}. 

Theorem 6.3. Let A be a compact metric space, (f2,K, cr) be a dynamical system 
on the compact metric space n, E be a Banach space and ipx (A G A) be a cocycle 
on (fi,K, cr) with fibre E. Suppose that the following conditions are fulfilled: 
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(i) the cocycle ipxo admits a compact global forward attractor; 

(ii) the following relation takes place 

mL{X) -.^ s-Lip{\ipxit,x,uj) ~ ipx„{t,x,^)\ ■ 0<t<L,ujeQ, |a;| < i?o} ^ 

as X —> Xq for every positive number L\ 

(iii) every cocycle (p\ admits a compact global attractor {I^ : uj G 

(iv) the set I := 1J{/''' : X G A} is bounded in E. 



Then the following equality 



lim sup/3(/^,/^«) -0 

is fulfilled and, in particularly, 

lim 3(1^,1^") = 0. 

Proof. Suppose that the conditions of the theorem are fulfilled. According to the 
condition (iv) there exists a positive number Rq such that / C B{0, Rq). Reasoning 
as in Theorem IB. II for all p > we will find a. L — i(f) > and 6o = Sq{p) > 
such that 

for all t > L and w G and, consequently, 

for all G and p{X, Aq) < Sq. The theorem is proved. □ 

Lemma 6.4. (8) Let A be a compact metric space and (p : T+ xWxAx^i~^W 
verifies the following conditions : 

(i) (p is continuous ; 

(ii) for every A G A the function ip\ = ip{-, ■, A, •) : T+ x W x CI i-^ W is a 
continuous cocycle on Q with the fibre W ; 

(iii) the cocycle (p\ admits a pullback attractor {I^ \ uj G il} for every X G A; 

(iv) the set | A G A} is precompact, where ~ U{-^ii I ^ ^ 

then the following equality 

(89) ^ lim (3{I^,I^°)=0 

takes place for every Aq G A and ljq ^ and 

(90) lim /3(/a,/ao) -0 

A— »Ao 

for every Aq G A. 

Lemma 6.5. (8 ) Let the conditions of Lemma \6.4\ and additionally the following 
condition be fulfilled: 

5. for certain Aq G A the application F : CI ^ C{W), defined by equal- 
ity F{uj) = L[^° is continuous, i.e. a{F{uj), F(ujo)) if lu ^ ujo for 
every loq G CI, where a is the full metric of Hausdorff, i.e. a{A, B) = 
mayi{P{A,B),P{B,A)}. 
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Then the equality 

(91) lim sup/3(/^,/^") =0 
takes place. 

Theorem 6.6. (^) Let W possess the property (S) and let the cocycle ip admit a 
compact pullback attractor {I^ \ w G fJ}, then : 

(i) the set is connected for every u) G fi; 

(ii) if the space Q. is connected, then the set I — \^ £ ^} also is connected. 

Theorem 6.7. Let e G (0, £o)i ^ be compact and connected and Lp;, ( Cpi,) be a 
cocycle generated by the equation ^6TJ|) (respectively by the equation \66]) ). 

Suppose that the following conditions are fulfilled: 

(i) B{ijj) :=Bo(w) + Bi(w) {ijj^Q.), Bq, Bi e C{n, L^{E, F)); 

(ii) the bilinear forms B and Bq satisfy the condition fl9\) : 

(iii) the average of Bi{uj) is equal to 0, i.e. lim j L Bi{u!s)ds = uniformly 
w.r.t. u G fl; 

(iv) the bilinear form Bq satisfies the condition l^39\) : 

(v) the cocycles (^^ and (p^ (e G (0, eo])j ^'"6 asymptotically compact . 

Then the following statements are true: 

a. for every e G (0,eo]) ^m^*^ w G f2 the set :— {x £ E : the solution 
Lp^{t,x,U}) of equation \64\l is defined and bounded on M} (respectively 

L^ :— {x Cz E : the solution Cp^{t,x,uj) of equation \6b]) is defined and bounded 
is nonempty, compact and connected; 

b. the cocycle ip^ {Pe) admits a compact global attractor {/^ : lj G fi} 
(respectively {I^ : uj^zft}); 

c. the set (respectively ) is compact and connected; 

d. the set J := : e G [0,eo]} (respectively I := : e G [0, eo]}, 
where L^ :~ [J{I^ '■ oj G ri}^ is compact, where L^ := 1J{/^ : lo G fl}, 
/O = /" := [J{I° : ti) G 0} and {/° : ui e il} is a compact global 
attractor of equation f6'6]) . when s — 1; 

e. lim P{I^,L^) = 0, where (3 is a semi-distance of Hausdorff; 

f. // a dynamical system (r2,R, cr) is periodic, i.e. there exists Wq G such 
that ljqT = loq and £7 = {io^t : t G [0,t)}, then 

limsup{/3(/^,/°)} = 0. 

E— ►0 

Proof. Let e G (0, £o)j ^ be compact and connected and p^ ( p^) be a cocycle 
generated by the equation H60|l (respectively by the equation H66() '). then we have 

(92) (^e(i, X, uj) = p{et, X, oj, e) (respectively Pe{t, x, uj) — ip{et, x, oj, e), , 

for all t G M-|-,a; G E and w G fi, where p{-,-,-,e) (respectively p{-,-,-,e)) is a 
cocycle generated by the equation (respectively IHHI))- From the equality 
it follows that {/^ : w G ri} (respectively {/^^ : w G ri},) is a compact global 
attractor of the equation (respectively (f^ ). Now to finish the proof of theorem 
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it is sufficient to apply Theorems 15.21 16.31 16.61 and Lemmas 16.41 16.51 The theorem 
is proved. □ 
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